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An energy conserving wave which is initially confmed in a sphere of finite radius 
is propagating in a 2Ldimensional space. It is proved that if the Cauchy data have 
I+ 2 continuous derivatives then the difference between the potential and the 
kinetic energy has the asymptotic rate of decay I 2”+ i’ as time t --t + ‘13, where I 
depends on the ortier of the first nonvanishing moment of the Cauchy data. In 
other words, the rate at which asymptotic equipartition of energy is achieved 
depends not only on the number of space dimensions but also on how symmetrical 
the initial disturbance is distributed around the origin. ’ 19Xb Academic Press. Inc. 
1. INTR~OUCTI~N 
The phenomenon of equipartition of energy in wave motion, which is by 
now a well-known characteristic of wave propagation, was first observed in 
its asymptotic form by Brodsky [ 1 ] and Lax and Phillips [ 161. Duffrn [9] 
used the Paley-Wiener theorem to prove that equipartition of energy is 
attained at finite time as long as the initial data are compactly supported. 
Due to the failure of Huyghens’ principle in an even number of space 
dimensions, finite time equipartition of energy for wave propagation in an 
even number of dimensions does not hold. Nevertheless, asymptotic 
equipartition of energy holds true for even-dimensional space. This is 
established by showing that the difference P(t) - K(t), where P stands for 
the potential and K for the kinetic energy, tends to zero as time t -+ + X. 
* The author wants to thank the Greek Ministry of Research and Technology for partially 
supporting the present work. 
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In this paper we find the rate at which the difference P(t)--K(t) decays. 
By using complex analysis techniques we prove that the difference 
P(r) - K(t) has the algebraic decay t-““+“‘, where 21 is the dimension of 
the space and i is the minimum between the order of the first nonvanishing 
moment of the initial displacement plus one, and the order of the first non- 
vanishing moment of the initial velocity. This result is proved for the scalar 
wave equation under the hypotheses that the initial data have compact 
support and they belong to the space C’+ ’ ([w”). Related results hold for 
the electromagnetic waves as well as for the longitudinal and the transverse 
elastic waves since the components of the electric, the magnetic, the elastic 
longitudinal and the elastic transverse wave satisfy the scalar wave 
equation and as long as there are no boundaries present no mode conver- 
sion occurs [3,4,5,6,7,8, 121. The appearance of the order of the first 
nonvanishing moment of the initial conditions in the rate of decay of the 
energy has also been contemplated in connection with decay of ther- 
moelastic waves [S]. In agreement with physical intuition the decay is 
faster whenever the initial disturbance is symmetrically distributed around 
the origin and of course the more symmetric the initial disturbance the 
higher the order of the first nonvanishing moment. Many results on 
partition and equipartition of energy for abstract wave equations and 
general hyperbolic systems are obtained by Goldstein and Sandefur 
[ 10, 11, 12, 13, 14, 151. 
In [15] there is a fairly complete list of references on the subject, up to 
1982. 
2. FORMULATION OF THE PROBLEM 
Our Cauchy problem is states as follows: 
du(x, t) - z&(x, f) = 0, 





where XE(W”, IEN, t>O, 
(4) 
and uO, U, EC ‘+‘([w”). The phase velocity in the wave equation (1) has 
been scaled to unity. 
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By Fourier transforming the Cauchy problem (l)-(3) we obtain the 
following initial value problem for ordinary differential equations 
$(S, f)+r2q& t)=O, (5) 
fig> 0) = &(5), (6) 
(7) 
where Y = 151, 5 = ra, Ial = 1, and 
a(&, t) = (27~) -’ jR2, eix %(x, t) dx. (8) 
The initial value problem (5))(7) has the solution 
In view of Parseval’s theorem, the potential energy is expressed as follows: 
P(t)=4 jR2, lVui2dx=$ jn.,r214’& 
=f[E(O)+Z(t)+Z*(t)], (10) 
where the star indicates complex conjugation, E(0) is the conserved total 
energy 
E(O)=4 j@ Ir21%12+ I~ll’l& (11) 
and 
From (10) and the conservation law 
E(t) = K(t) + P(t) = E(O), t>o (13) 
it follows that the kinetic energy K(t) has the following expression: 
K(t)=;[E(O)-Z(t)-Z*(t)]. (14) 
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By the Riemann-Lebesgue Lemma the integral Z(t) tends to zero as t -+ co. 
This implies the well-known asymptotic equipartition of energy 
CL 9, 10, 161, 
lim K(t) = lim P(t) = $E(O). (15) ,-X2 14% 
In what follows we try to give more insight into the phenomenon of 
equipartition of energy, when Huyghens’ principle does not hold, by 
investigating the rate at which the equipartition is attained. 
3. ASYMPTOTIC EQUIPARTITION RATE 
To examine the asymptotic behaviour of the energies as time tends to 
infinity we consider the difference between the potential and the kinetic 
energy 
P(t)-K(t)=Z(t)+Z*(t). (16) 
Introduce the functions 
6, (r, a) =r&(r, a) - iti, (Y, a), 
b2(r, a) = rli,(r, a) + iti, (Y, a), 
(17) 
(18) 
where the Fourier variable 5 has been decomposed in its radial part r and 
its angular part a. Then it is enough to contemplate the rate of decay of the 
integral 
(19) 
since the conjugate integral Z*(t) has the same rate of decay. Integrating 
over spheres we obtain 
I(r)=fJ): [IL7 b,(r, a) @(r, a)da 
1 
e2i”r2’m1 dr, (20) 
where S is the unit sphere in iw2’. 
We define the kth moment of the initial datum uj in the direction a, by 
the formula 
@,jk)(a) = JR2, (x. a)k u;(x) dx, j=O, 1, k = 0, 1) 2 ,..., 
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which are all Finite since u,, j = 0, 1, are compactly supported. Let 1, be the 
order of the lowest nonvanishing moment of ui, i.e., 
@?(a) # 0 
and 
@jk)(a) = 0 for k = 0, 1 ,..., jV, - 1. 
We next state and prove our main theorem. 
THEOREM. Let u be the solution of the Cauchy problem (l)-(4) with 
u,,u,EC’+~(R*‘). !fE,=min {&,+l,~,} then 
P(t)-K(t)=O(t-*“+y, t-+ +a, (21) 
where A,, j= 0, 1, is the lowest nonvanishing moment of u, as it is defined 
above. 
Proof Consider the functions 
zik(z,a)=(2n) ‘~~~,e’(““)‘u,(x)dx, k=O, 1, (22) 
ii,# (z, a)=(2n)~‘~~?,e~“x’a)‘u,(~) dx, k=O, 1, (23) 
for z E @. Since uO, u, E C’+*, Paley-Wiener’s theorem [ 17, Theorem 7.221 
implies that there exists an M > 0 such that 
M 
I4(Z? alI y, + IzI)/+2 
eRIIm z( 
’ k=O, 1, 
eRllm ;/ 
7 k=O, 1, 
where the sphere of radius R includes the supports of u0 and u, . A simple 
application of Lebesgue’s dominated convergence theorem implies that the 
four functions li, (z, a), tik# (z, a), k = 0, 1, are analytic functions of z on @. 
Note that the integral in (22) and (23) are extended over the compact sup- 
ports of u0 and u, and therefore they always exist. We also consider the 
analytic functions 
b,(z,a)=z&,(z,a)-izi,(z,a), (26) 
b: (z, a) = z&f (z, a) - ili: (z, a), (27) 
WAVE MOTION 
and 
g(z, t) = 1 b, (z, a) b,# (z, a) da eziz’z2’- ‘. 
s 
The restrictions of b, (z, a) and b: (z, a) to the positive real line concide 
with 6, (r, a) and b;(r, a), respectively. Using the estimate (24) and 
Eq. (26) in (28) we obtain that 
e2RlIm z( - 21 lm ; 
Applying Cauchy’s theorem for the entire function g(z, t) over an 
orthogonal contour with vertices at the points 0 + i0, x + i0, x + ill, 0 + iy 
we obtain the following integral relation: 
J”‘g(cr, t)do+j.lg(x+ir, t)idz 
0 0 
+ so g(a + iy, t) da + lo g( iz, t ) idt = 0. 
\ 1 
(30) 
If we let x + + co the second integral in (30) tends to zero because of the 
estimate (29). Next we let y + + cc which kills the third integral, for every 





g(r, t) dr = i g(ir, t) dr 
0 0 
(31) 
which in view of (20), (22), (23) (26) (27), and (28) becomes 
~(1)=(-~‘~‘~~f(r)~-2r’r”‘dr, fort>R, (32) 
where 
f’(r)= [rfi,(ir,a)-C,(ir,a)][rii,(-ir,a)-ti,(-ir,a)]da (33) 
i s 
is an entire function of r. Then, for j = 0, 1, 
-$ti,(ir, a)lrzo= (27r). ‘( -l)k@j”)(a), 
~rri,(ir,a),~=o=(2n)-‘(-l)k-‘k~:”~1)(a), (35) 
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where tii is given by (22) and 
f’“‘(0) = (271) -2’ f 
k=O (T)(-l)k+l i 
[k@hk- ‘)(a) + @\k)(a)] 
x [(m-k) @~pkp’)(a)-@~ -“)(a)] da (36) 
for m = 0, 1, 2,... 
The Taylor expansion of f(r) at Y = 0 has the form 
j-0.) = i “‘;r”l rm, 
m=” . 
(37) 
where f’“‘(O) is given by (36). By hypothesis, either @g “(a) ~0, or 
@y)(a) # 0. Therefore, the first nonvanishing term in the expansion (37) is 
the term of order 2L Then (37) becomes 
,flr) =f’2”(o) r2’-h(r) 
(2A)! ’ (38) 
where h(r) is an analytic function with h(O) = 1. The estimate (24) applied 
to (33) implies that 
If( d M/ (I +r)21+2 
e2Rr 
(39) 
for some constant M,. In view of (39) the function h(r), defined by (38) 





for some constant Mh, where we have also used the fact that h(O) is finite. 
If we substitute w = (rt)21+ 21 m the integral Z(t) in (32) we obtain 
(41) 
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Using the estimate (40) and Lebesque’s dominated convergence theorem 
we can interchange the limit as t + + cc with the integral sign in (41) to 
prove the relation 
lim t2(‘+ ‘J{(t) = 
(- I)‘+ 1 f’2y)) 
,+ +a, 8 (211)!(1+ A) 
(42) 
Since the integral in the right-hand side of (42) exists we finally conclude 
that 
Z(t) = q-2(‘+1)), t+ +a. (43) 
In view of (16) the asymptotic relation (43) implies (21) and proves the 
theorem. 
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